This paper proposes a first-order zero-drift GARCH (ZD-GARCH(1, 1)) model to study conditional heteroscedasticity and heteroscedasticity together. Unlike the classical GARCH model, ZD-GARCH(1, 1) model is always non-stationary regardless of the sign of the Lyapunov exponent γ 0 , but interestingly when γ 0 = 0, it is stable with its sample path oscillating randomly between zero and infinity over time. Furthermore, this paper studies the generalized quasimaximum likelihood estimator (GQMLE) of ZD-GARCH(1, 1) model, and establishes its strong consistency and asymptotic normality. Based on the GQMLE, an estimator for γ 0 , a test for stability, and a portmanteau test for model checking are all constructed. Simulation studies are carried out to assess the finite sample performance of the proposed estimators and tests. Appli-cations demonstrate that a stable ZD-GARCH(1, 1) model is more appropriate to capture heteroscedasticity than a non-stationary GARCH(1, 1) model, which suffers from an inconsistent QMLE of the drift term.
INTRODUCTION
HETEROSCEDASTICITY is the often observed feature for economic and financial time series data. When the heteroscedastic error structure in regressions is correctly specified, one could gain substantial efficiency in using generalized least squares estimator (LSE), and more importantly, eliminate the ordinary LSE-based bias in standard errors resulting in valid inferences. Therefore, most of efforts made in the literature are to test heteroscedasticity by assuming a specified heteroscedastic error structure; see, e.g., Breusch and Pagan (1979) for earlier works and Greene (2002) and the references therein for more recent ones. In the last three decades, the conditionally heteroscedastic model has achieved a great success after the seminar work of Engle (1982) and Bollerslev (1986) . However, less attempts have been made in the literature to capture conditional heteroscedasticity and heteroscedasticity together parametrically.
As one leading motivation, this paper provides a new parametric way to reach this goal. Let y t be the error term in regressions. This paper proposes a first-order zero-drift generalized autoregressive conditional heteroscedasticity (ZD-GARCH(1, 1)) model to capture y t : y t = η t √ h t and h t = α 0 y 2 t−1 + β 0 h t−1 , t = 1, ..., n, (1.1)
with initial values y 0 ∈ R and h 0 ≥ 0, where α 0 > 0, β 0 ≥ 0, (y 0 , h 0 ) ̸ = (0, 0), {η t } is a sequence of independent and identically distributed (i.i.d.) random variables, and η t is independent of {y j , j < t}. Particularly, model (1.1) nests the widely used exponentially weighted moving av-erage (EWMA) model in RiskMetrics, from which the company J.P. Morgan calculates the daily volatility of many assets by this EWMA model; see Longerstaey and Zangari (1996) . Clearly, when Eη 2 t < ∞, model (1.1) can capture the conditional heteroscedasticity of y t , since var(η t )h t designed as the conditional variance of y t changes over time. Moreover, by letting s 2 t = var(y t ),
we have s 2 t = [α 0 var(η t ) + β 0 ]s 2 t−1 in model (1.1) so that
Therefore, y t in model (1.1) is homoscedastic when α 0 var(η t ) + β 0 = 1, and it is heteroscedastic with an exponentially decayed (or explosive) variance when α 0 var(η t ) + β 0 < 1 (or > 1). Obviously, the heteroscedastic structure of y t in (1.2) is different from the parametric ones presumed in Breusch and Pagan (1979) and White (1980) or the nonparametric ones studied in Dahlhaus (1997) , Dahlhaus and Rubba Rao (2006) , Engle and Rangel (2008) and many others. Thus, when Eη 2 t < ∞, model (1.1) provides us a new parametric way to study conditional heteroscedasticity and heteroscedasticity together.
Needless to say, model (1.1) is motivated by the classical GARCH(1, 1) model: y t = η t √ h t and h t = ω 0 + α 0 y 2 t−1 + β 0 h t−1 , t = 1, ..., n,
where all notations inherit from model (1.1) except for ω 0 > 0. Model (1.3) initialized by Engle (1982) and Bollerslev (1986) has become the workhorse of financial applications, and it can be used to describe the volatility dynamics of almost any financial return series; see Engle (2004, p.408) . Due to the importance of model (1.3), numerous works were devoted to its probabilistic structure and statistical inference (see, e.g., Francq and Zakoïan (2010) for a comprehensive review), but they all assume the positivity of ω 0 . The case that ω 0 = 0 (i.e., model (1.1)) would be meaningful but hardly touched, except for Hafner and Preminger (2015) who have studied an ARCH(1) model with intercept (i.e, model (1.1) with β 0 = 0). As the second motivation of this paper, it is of interest to fill in the gap from a theoretical viewpoint. Compared with Hafner and Preminger (2015) , the technique developed here is much more involved due to the existence of β 0 .
The third motivation of this paper comes from the invalidity of prediction in model (1.3) when γ 0 ≥ 0, where γ 0 is the top Lyapunov exponent defined by γ 0 = E log(β 0 + α 0 η 2 t ).
(1.4) Bougerol and Picard (1992a) showed that model (1.3) is stationary if and only if γ 0 < 0. Note that if Eη t = 0 and Eη 2 t < ∞, s 2 t = ω 0 (Eη 2 t ) + [α 0 (Eη 2 t ) + β 0 ]s 2 t−1 in model (1.3). When γ 0 ≥ 0, it implies that α 0 (Eη 2 t ) + β 0 > 1 and y t in model (1.3) is heteroscedastic with an exponentially explosive variance. However, when γ 0 ≥ 0, so far no consistent estimator is available for ω 0 as shown in Francq and Zakoïan (2012) , and hence no prediction can be made in practice. Model (1.1) avoids this dilemma due to the absence of ω 0 , and moreover, Section 2 below demonstrates that except for a different scale, its sample path has a similar shape as that of model (1.3) when γ 0 ≥ 0. In view of this, model (1.1) could be more convenient than model (1.3) to study heteroscedasticity.
This paper gives an omnifaceted investigation of model (1.1). First, we obtain that after a suitable renormalization, the limit of the sample path of h t or |y t | converges weakly to a geometric Brownian motion regardless of the sign of γ 0 . This result makes a sharp difference from those for model (1.3) in Li, Li and Wu (2014) and Li and Wu (2015) . From this result, we find that |y t | diverges to infinity or converges to zero almost surely (a.s.) at an exponential rate according to γ 0 > 0 or γ 0 < 0, while |y t | oscillates randomly between zero and infinity over time when γ 0 = 0. Following the terminology in Hafner and Preminger (2015) , we call model (1.1) stable if γ 0 = 0 and unstable otherwise. Second, we study the generalized quasi-maximum likelihood estimator (GQMLE) of unknown parameter θ 0 ≡ (α 0 , β 0 ) ′ . It is shown that the GQMLE is strongly consistent and asymptotically normal in a unified framework. Third, we consider the estimation for γ 0 , and propose a t-test to check the model stability (i.e., γ 0 = 0). Fourth, we propose a portmanteau test for model checking. Simulation studies are carried out to assess the performance of all proposed estimators and tests in finite samples. Finally, applications to the KV-A stock return in Francq and Zakoïan (2012) and three major exchange rate returns during financial crisis in years 2007-2009 demonstrate that a stable ZD-GARCH(1, 1) model is more appropriate to capture heteroscedasticity than a non-stationary GARCH(1, 1) model.
The remainder of the paper is organized as follows. Section 2 investigates the limit of sample path of y t in model (1.1). Section 3 studies the GQMLE with its asymptotics. Section 4 presents the estimation and test for γ 0 . Section 5 proposes a portmanteau test for model checking. Simulation results are reported in Section 6. Empirical examples are given in Section 7. Concluding remarks and discussions are offered in Section 8. All of proofs are relegated to the Appendix.
SAMPLE PATH PROPERTIES
This section studies the sample path properties of renormalized h t and |y t | in model (1.1).
From model (1.1), we have log h t = log h t−1 + log(β 0 + α 0 η 2 t−1 ), and hence
Then, the theorem below follows directly from Donsker's Theorem in Billingsley (1999) (Theorem 8.2 on p.90). Furthermore, it follows that as n → ∞,
Remark 2.1. Similar to Li and Wu (2015) , the condition that η t is i.i.d. in Theorem 2.1 can be relaxed to the one that η t is strictly stationary and ergodic with {log(β 0 + α 0 η 2 t )} satisfying a suitable invariance principle.
Remark 2.2. For model (1.3), Li and Wu (2015) proved that as n → ∞,
(2.1) Thus, the above limiting result varies according to the value of γ 0 , and this is unlike the one in Theorem 2.1. Intuitively, when γ 0 ≥ 0, the results in Theorem 2.1 and (2.1) are less helpful for us to make a useful formal test for hypotheses:
Theorem 2.1 has two direct implications. First, it implies that y t in model (1.1) is always nonstationary. This is not the case for model (1.3), which is non-stationary if and only if γ 0 ≥ 0 (see, e.g., Bougerol and Picard (1992a) ). Second, it indicates that the sample path property of y t in model (1.1) depends on the sign of γ 0 , and this is also the case for model (1.3) as shown in Nelson (1990) , Francq and Zakoïan (2012) , and Li, Li and Wu (2014) . Precisely, we can see that |y t | in model (1.1) oscillates randomly between zero and infinity over time when γ 0 = 0, while |y t | either converges to zero or diverges to infinity a.s. as t → ∞, according to the case that γ 0 < 0 or γ 0 > 0, respectively. In this sense, model (1.1) is stable if γ 0 = 0, and unstable otherwise; see also Hafner and Preminger (2015) . To further illustrate it, Fig.1 depicts one sample path of {y t } 200 t=1 from model (1.1) with η t ∼ N (0, 1), β 0 = 0.7, and α 0 = 0.3 (i.e., γ 0 < 0), 0.388 (i.e., γ 0 = 0), or 0.5 (i.e., γ 0 > 0), respectively. Under the same setting, the sample path of
3) with ω 0 = 0.001 or 1 is also plotted as a comparison. Fig.1 
THE GQMLE AND ITS ASYMPTOTICS
Let θ ≡ (α, β) ′ ∈ Θ be the unknown parameter of model (1.1) with the true parameter θ 0 = (α 0 , β 0 ) ′ ∈ Θ, where Θ is the parametric space. Assume the data sample {y 1 , ..., y n } is from model (1.1). Then, as in Francq and Zakoïan (2013a) , the generalized quasi-maximum likelihood estimator (GQMLE) of θ 0 is defined by
and σ 2 t (θ) is recursively defined by
with the initial values y 0 and σ 2 0 (θ). Hereafter, we set y 0 = y * 0 (a user-chosen non-zero constant) and σ 2 0 (θ) = 0 without loss of generality. In applications, we can always choose y * 0 be the first nonzero observation, and then do estimation for the remaining ones.
The non-negative user-chosen number r involved in θ n,r indicates the used estimation method.
Particularly, when r = 2, θ n,r reduces to the Gaussian QMLE; and when r = 1, θ n,r reduces to the Laplacian QMLE. Simulation studies in Section 6 imply that we shall choose a small (or large) value of r when η t is heavy-tailed (or light-tailed).
To obtain the asymptotic property of θ n,r , we give two assumptions below. Assumption 3.1(i) is a regular condition for ARCH-type models, and Assumption 3.1(ii) is the identification condition for θ n,r ; see, e.g., Francq and Zakoïan (2013a) . Assumption 3.2 is commonly used in nonstationary ARCH-type models; see, e.g., Zakoïan (2012, 2013b) .
Assumption 3.1. (i) η t is i.i.d. and η 2 t is non-degenerate with P (η t = 0) = 0; (ii) E|η t | r = 1 when r > 0, and E log |η t | = 0 when r = 0.
The following two theorems state the consistency and asymptotic normality of θ n,r , respectively. THEOREM 3.1. If Assumptions 3.1-3.2 hold, then θ n,r → θ 0 a.s. as n → ∞.
where d −→ stands for convergence in distribution, and
Remark 3.1. From two preceding theorems, we have a unified framework on the consistency and asymptotic normality of the GQMLE in model (1.1), regardless of the sign of γ 0 . However, this is not the case for the Gaussian QMLE in model (1.3); see, e.g., Jensen and Rahbek (2004a,b) and Francq and Zakoïan (2012) . Particularly, it is worth noting that when γ 0 = 0, an additional assumption on the distribution of η t , which is not necessary for us, is needed for Francq and Zakoïan (2012) to establish the asymptotic normality of the Gaussian QMLE. However, this additional assumption is hard to be verified even for η t ∼ N (0, 1).
Remark 3.2. By Theorem 3.2, we can do statistical inference on θ 0 (e.g., the Wald test for the linear constraint of θ 0 ). To accomplish it, we need to estimate both κ η and I. Denote the residual
with y 0 = y * 0 and σ 2 0,r = 0. Then, we can consistently estimate κ r and I by their sample counterparts based on the residuals { η t,r }.
Remark 3.3. In Theorem 3.2, θ 0 is required to be an interior point of Θ. If θ 0 can be on the boundary of Θ (e.g., β 0 = 0), we need the condition of E(η −4 t ) < ∞ for Lemma A.3 in the Appendix, so that under the conditions of Theorem 3.2 and the mild condition that Θ contains a hypercube, the similar argument as Francq and Zakoïan (2007) shows that
However, the condition that E(η −4 t ) < ∞ fails even for η t ∼ N (0, 1), and hence any statistical inference on θ 0 , including the estimation, Wald test, and LR test, is hardly useful in this case.
Since Theorem 3.2 rules out the case that β 0 = 0, we shall consider this special case independently. When β 0 = 0, model (1.1) becomes
This is the ARCH(1) model without intercept in Hafner and Preminger (2015) .
, if r > 0,
Without the compactness of Θ α , the asymptotical normality of α n,r is given below: THEOREM 3.3. If Assumption 3.1 holds and κ r < ∞, then
Remark 3.4. The proof of Theorem 3.3 is much simpler than that of Theorem 3.2, since an explicit expression of α n,r is available in this case. Particularly, when r = 2, Hafner and Preminger (2015) have obtained the same result but in an indirect way.
Remark 3.5. Besides the GQMLE, one may consider many other estimation methods for model (1.1); see, e.g., Peng and Yao (2003) , Berkes and Horváth (2004) , Fan, Qi and Xiu (2014) , and Zhu and Li (2015a) . Moreover, the condition that κ r < ∞ is necessary for the asymptotic normality of the GQMLE, one may be of interest to study the GQMLE when κ r = ∞; see, e.g., Hall and Yao (2003) . These are two promising directions for the future study.
As shown in Remark 3.3, the Wald and LR tests are not suitable to detect whether β 0 = 0 in model (1.1). One may try the score test as in Engle (1982) for this purpose. However, this is not suitable as well. To see it clearly, we consider the limiting distribution of the score √ n Π n,r ( θ n,r )
under the constraint that β 0 = 0, where Π n,r (θ) = 1 n n ∑ t=2 ∂ℓ t,r (θ) ∂β and θ n,r = ( α n,r , 0).
A direct calculation shows that
Hence, the limiting distribution of √ n Π n,r ( θ n,r ) exists only when E(η −4 t ) < ∞, which fails even for η t ∼ N (0, 1). Similarly, the conclusion holds when r = 0. In Section 5, a portmanteau test is available to detect whether β 0 = 0 in model (1.1).
INFERENCE OF THE LYAPUNOV EXPONENT
Generally, γ 0 plays a key role in determining stationarity or stability of nonlinear time series models. In model (1.3), there exists a strictly stationary solution if and only if γ 0 < 0; see Nelson (1990) and Bougerol and Picard (1992a,b) . Similarly, γ 0 plays an equally important role in determining the stability of model (1.1). Thus, it is necessary to do statistical inference for γ 0 .
From the definition of γ 0 in (1.4), a natural plug-in estimator of γ 0 is defined as
Particularly, γ n,r admits a simple form for model (3.1):
Interestingly, the preceding definition of γ n,r is independent to the estimation method, and it has been used in Hafner and Preminger (2015) . Furthermore, we have the following theorem:
THEOREM 4.1. If the conditions in Theorem 3.2 are satisfied, then as n → ∞,
where σ 2 γ 0 is defined in Theorem 2.1. Moreover, if Assumption 3.1(i) holds and σ 2 γ 0 ∈ (0, ∞), the same conclusion holds for model (3.1).
Remark 4.1. Although γ n,r depends on r (i.e., the estimation method), its asymptotic variance is free of that. Intuitively, this suggests that the performance of γ n,r and its related stable test defined below is less affected by the estimation method. Simulation studies in Section 6 will confirm this statement.
Since model (1.1) is stable if and only if γ 0 = 0, it is of interest to consider hypotheses:
From Theorem 4.1, we propose a t-type test statistic T n,r to detect H 0 in (4.1), where
where Φ(·) is the cdf of N (0, 1); otherwise, it is not rejected.
MODEL DIAGNOSTIC CHECKING
This section proposes a portmanteau test to check the adequacy of model (1.1). We first define the lag-k autocorrelation function (ACF) of the s-th power of the absolute residuals {| η t,r | s } as
where r ≥ 0, s > 0, k is a positive integer, and
Next, we introduce the following notations:
Let m be a given positive integer. The following theorem is crucial to derive the limiting distribution of our portmanteau test.
THEOREM 5.1. Suppose that b s < ∞, b r < ∞, and ∥W r,s ∥ < ∞ for given r ≥ 0 and s > 0.
If model (1.1) is correctly specified and the conditions in Theorem 3.2 hold, then
is correctly specified and Assumption 3.1(i) holds, then the same conclusion holds with Σ r,s (m) = I m .
Here, m is generally taken 6 or 12 in applications. When r = s = 2, Q r,s (m) is defined in the same way as the portmanteau test in Li and Mak (1994) . When r = 2 (or 1) and s = 1, Q r,s (m)
is analogous to the portmanteau test Q 2 (M ) in Li and Li (2005) (or Q r in Li and Li (2008) ). We relax the choices of r and s so that Q r,s (m) with small (or large) r and s is expected to have a good performance when η t is heavy-tailed (or light-tailed). Our portmanteau test Q r,s (m) is the first formal diagnostic checking tool for non-stationary ARCH-type models in the literature. For more discussions on the diagnostic checking of stationary ARCH-type models, we refer to Li (2004), Escanciano (2007 Escanciano ( , 2008 , Ling and Tong (2011) , and Chen and Zhu (2015) .
is the cdf of χ 2 d ; otherwise, it is adequate.
In the end, it is worth noting that the estimation effect does not affect the limiting distribution of Q r,s (m) for model (3.1), and this is different from most of portmanteau tests in times series analysis; see, e.g., Zhu and Li (2015b) , Zhu (2016) and references therein for more discussions in this context. For model (1.1) with β 0 > 0, the estimation effect is involved into the limiting distribution of Q r,s (m), but interestingly, if α 0 /β 0 ≈ 0 (as often observed in applications), it is not hard to see that Σ r,s (m) ≈ I m due the the fact that V r,s ≈ 0, and hence the estimation effect is negligible in this case.
SIMULATION STUDIES
In this section, we first assess the finite-sample performance of θ n,r , γ n,r , and T n,r . We generate 1000 replications from the following ZD-GARCH(1, 1) model:
where η t is taken as N (0, 1), the standardized Student's t 5 (st 5 ) or the standardized Student's t 3 (st 3 ) such that Eη 2 t = 1. Here, we fix β 0 = 0.9, and choose α 0 as in Table 1 , where the values of α 0 correspond to the cases of γ 0 > 0, γ 0 = 0, and γ 0 < 0, respectively. For the indicator r, we choose it to be 2, 1, 0.5, and 0. Since each GQMLE has a different identification condition, θ n,r has to be re-scaled for θ 0 in model (6.1), and it is defined as
for r > 0 and θ n,r = ( α n,r exp(2E log |η t |)
, β n,r ) for r = 0, where θ n,r is the GQMLE calculated from the data sample, and the true values of (E|η t | r ) 2/r and exp(2E log |η t |) are used.
Tables 2-4 report the empirical bias, empirical standard deviation (SD), and the average of the asymptotic standard deviations (AD) of θ n,r and γ n,r when the sample size n = 500 and 1000.
The ADs of θ n,r and γ n,r are evaluated from the asymptotic covariances in Theorems 3.2 and 4.1, respectively. From these tables, we find that (i) except θ n,2 in the case of η t ∼ st 3 , all GQMLEs Table 2 . Summary for θ n,r and γ n,r when γ 0 < 0. have a small bias, and their SDs and ADs are close to each other; (ii) when η t is light-tailed (i.e., η t ∼ N (0, 1)), θ n,2 (or θ n,0 ) is the best (or worst) estimator in terms of the minimized value of Table 3 . Summary for θ n,r and γ n,r when γ 0 = 0. AD; (iii) when η t is heavy-tailed (i.e., η t ∼ st 3 or st 5 ), θ n,1 or θ n,0.5 has the smallest value of AD, while θ n,2 has a larger value of AD than θ n,0 if η t ∼ st 5 , and it is even not applicable if η t ∼ st 3 ;
(iv) the performance of γ n,r seems to be unchanged for all choices of r, even when θ n,2 is not asymptotically normal in the case of η t ∼ st 3 . Table 1 for the case of γ 0 = 0. Here, we shall mention that the power of T n,r for other choices of r is almost the same as the one of T n,1 , and Table 4 . Summary for θ n,r and γ n,r when γ 0 > 0. hence it is not reported here. From Fig. 2 , we can see that the size of T n,1 is precise especially for large n, and the power of T n,1 increasing with n is satisfactory for all choices of η t . Overall, our proposed estimators ( θ n,r and γ n,r ) and test (T n,r ) have a good finite-sample performance.
Next, we assess the finite-sample performance of Q r,s (m). We generate 1000 replications from the following higher-order ZD-GARCH model: where η t and α 0 are chosen as in model (6.1), and z 0 = 0.0, 0.1, · · · , 0.7. For each replication, we use Q r,s (6) to detect whether model (6.1) is adequate to fit the generated data, where (r, s) = (2, 2), (1, 2), (0, 2), (1, 1), (0, 1) or (0.5, 0.5). Fig. 3 plots the power of Q r,s (6) in terms of different choices of γ 0 (or α 0 equivalently) with n = 500 and 1000, and the sizes of Q r,s (6)
correspond to the case that z 0 = 0.0. From this figure, we can see that (i) each Q r,s (6) has a precise size, although Q r,s (6) with s = 2 is not valid in the case of η t ∼ st 3 ; (ii) when η t is lighttailed (e.g., η t ∼ N (0, 1)), Q r,s (6) with all choices of (r, s) except that (r, s) = (0.5, 0.5) has almost the same power performance; (iii) when η t is heavy-tailed (e.g., η t ∼ st 5 or st 3 ), Q r,s (6) with small values of s (e.g., Q 1,1 (6), Q 0,1 (6), and Q 0.5,0.5 (6)) has a much better power performance than that with large values of s (e.g., Q 2,2 (6), Q 1,2 (6), and Q 0,2 (6)). Thus, Q r,s (m) has the ability to detect the mis-specification of model (1.1) in the higher-order term.
Moreover, we are of interest to see whether Q r,s (m) can detect the mis-specification of model (1.1) in the drift term. We generate 1000 replications from the following GARCH(1, 1) model: where η t and α 0 are chosen as in model (6.1), and z 0 = 0.0, 0.02, · · · , 0.1. For each replication, we use Q r,s (6) to detect whether model (6.1) is adequate to fit the generated data, where the values of (r, s) are chosen as before. Fig. 4 plots the power of Q r,s (6), and the sizes of Q r,s (6)
correspond to the case that z 0 = 0.0. From this figure, we can see that (i) each Q r,s (6) has a precise size, although Q r,s (6) with s = 2 is not valid in the case of η t ∼ st 3 ; (ii) when η t is light-tailed (e.g., η t ∼ N (0, 1) ), Q r,s (6) with large values of s (e.g., s = 2) has a much better performance of that with small values of s (e.g., s = 1 or 0.5), and for a fixed choice of s, a smaller value of r will lead to a better power performance of Q r,s (6); (iii) when η t is heavytailed (e.g., η t ∼ st 5 or st 3 ), the power performance of Q r,s (6) for s = 2 or 1 becomes better when the value of r becomes smaller; (iv) Q 0.5,0.5 (6) has the worst power performance in all examined cases; (v) the performance of each portmanteau test becomes worse when η t becomes more heavy-tailed, especially when γ 0 > 0; (vi) the power of each portmanteau test may not increase with the value of z 0 , and this is probably because the positive z 0 only reflects the scale of y t in model (6.3). In general, it is reasonable to conclude that Q r,s (m) has a desirable power to detect the mis-specification in the drift term especially for light-tailed η t and the cases of γ 0 ≤ 0. 
with {z (t) } n t=1 being the ascending order statistics of {z t } n t=1 , and k being a given positive integer. Clearly, Fig. 5 implies that η t in each fitted model (1.3) has a finite second moment but an infinite fourth moment. Hence, the results in Francq and Zakoïan (2012) based on the Gaussian QMLE may not be reliable.
In this paper, we are of interest to see whether model (1.1) is able to fit these stock returns adequately. Fig. 6 plots the p-values of Q 1,1 (m) and Q 0.1,1 (m) for m = 1, 2, · · · , 20. From this figure, we can see that model (1.1) is adequate to fit the KV-A return, and so we can fit this stock return by
where model (7.1) is estimated by the GQMLE method with r = 1, the standard deviations of this estimator θ n,1 are in open parentheses, the estimate of E|η t | is 0.9998, and the value of Akaike Information Criterion (AIC) is 6433.1. Based on the residuals { η t,1 }, a plot of Hill's estimators {H n (k)} 100 k=10 (not shown here for saving space) suggests that the tail index of η t in model (7.1) lines between 2.2 and 2.5. Moreover, the value of stable test statistic T n,1 is 0.934, and so there is no statistical evidence against the hypothesis that model (7.1) is stable. Also, the estimate of α 0 var(η t ) + β 0 is 1.0958, and this implies that the KV-A return is heteroscedastic with an slightly exponentially explode variance. As a comparison, we also fit the KV-A return by model (1.3) with the same estimation method, and find that the fitted model (1.3) is nonstationary and its value of AIC is 6423.2, which is only 0.15% less than the one in model (7.1).
Hence, in consideration of the inconsistency estimate of the drift term, a stable model (1.1) is more appropriate than a non-stationary model (1.3) to fit the KV-A return.
For the remaining three stock returns, Fig. 6 shows that model (1.1) can not fit them adequately, and we expect that model (1.3) with a robust estimation method can do it well. , where each of data has in total 758 observations. We are of interest to see whether model
(1.1) can fit the log-return (×100) of each exchange rate data. Here, since USD/CNY return exhibits some correlations in its conditional mean, it has been filtered by an ARMA(2, 2) model with the LADE method in Zhu and Ling (2015) . Fig. 7 plots the p-values of Q 1,2 (m), Q 0.1,2 (m), Q 1,1 (m), and Q 0.1,1 (m) for m = 1, 2, · · · , 20. From this figure, we can see that model (1.1) can fit each exchange rate return adequately, although it is marginally inadequate to fit the USD/CNY return implied by the p-values of Q 1,2 (m) and Q 1,1 (m) at lags m = 3, 11, and 13. Table 5 reports the estimation results based on θ n,1 for each exchange rate return. From this table, we find that each fitted model (1.1) is stable by looking at the values of T n,1 . Meanwhile, the estimated value of α 0 var(η t ) + β 0 for each return is slightly larger than 1, and it implies that each return is heteroscedastic. This is in accordance with the visual evidence in Fig. 8 , where along the sample path, the USD/CNY return has a seeming decreasing volatility, and the USD/EUR or USD/GBP return has a seeming increasing volatility. Moreover, a plot of Hill's estimators {H n (k)} 100 k=10 in Fig. 9 suggests that η t in fitted model (1.1) has a finite second moment but an infinite fourth moment for USD/CNY return, while it has a finite fourth moment for USD/EUR and USD/GBP returns.
As a comparison, we also fit each exchange rate return by model (1.3) , and the related results are given in It is worth noting that ZD-GARCH(1, 1) model is most likely stable in applications. This is not out of expectation, since only the stable ZD-GARCH(1, 1) model has a desirable sample path which is close to the often observed data track in the real world. Comparing with the non-stationary GARCH(1, 1) model, the stable ZD-GARCH(1, 1) model has the same ability to capture heteroscedasticity, and most importantly, it avoids the estimation for the drift-term, which is the troublesome for the non-stationary GARCH(1, 1) model.
The idea of setting drift term being zero can be easily applied to many other conditionally heteroscedastic models. However, the exploration of the corresponding properties of probabilistic structure and statistical inference is not trivial. Thus, considering the complexity of the extended heteroscedastic model, we will keep using ZD-GARCH(1, 1) model as a first step of introducing the phenomenon of "zero-drift". Although some readers might prefer to consider more comprehensive zero-drift conditionally heteroscedastic models, we hope that such readers will nonetheless find that our analysis in this paper is still helpful and stimulating.
LEMMA A.1. Suppose that Assumptions 3.1(i) and 3.2 hold. Then, for any θ ∈ Θ, v t (θ) is stationary and ergodic. Moreover, there exists a constant c 0 > 0 such that, as t → ∞,
Finally, for any θ / ∈ Θ, it holds that σ 2 t (θ)/h t → ∞ a.s. as t → ∞.
PROOF. For any θ ∈ Θ, v t (θ) is finite (a.s.) by Assumption 3.1(i), Assumption 3.2 and the Cauchy root test. Since it is a measurable function of {η j : j < t}, v t (θ) is thus stationary and ergodic.
For (i), from (1.1), it follows that
Note that
Choose c 0 = (γ 0 − logβ)/2. Then, c 0 > 0 by Assumption 3.2, and
Note that by the strong law of large numbers for stationary and ergodic sequences,
By the Cauchy root test again, it follows that
as t → ∞. Thus, it entails that (i) holds.
For (ii), a simple calculation yields that
> 0 a.s. by Assumption 3.1(i).
By (i), it follows that (ii) holds. and R n,
Lemma A.1 implies that if θ / ∈ Θ, Q n,r (θ) → ∞ a.s. as n → ∞. Thus, it is sufficient to consider the case θ ∈ Θ * 0 , where Θ * 0 is an arbitrary compact subset of Θ. By the strong law of large numbers for stationary and ergodic sequences, we have 
Meanwhile, by Lemma A.1(i), the mean value theorem, and the fact that E|η t | r < ∞, we can show that
where the last equality holds as for (A2). Thus, it follows that lim n→∞ sup θ∈Θ * 0 |R n,r (θ)| = 0 a.s.
Then, since Θ is compact, the proof in the case of r > 0 is completed by standard arguments.
Next, we consider the case that r = 0. Note that θ n,0 = arg min θ∈Θ Q n,0 (θ), where
) 2   := O n,0 (θ) + R n,0 (θ)
with O n,0 (θ) = 1 n
By the strong law of large numbers for stationary and ergodic sequences, we have Since v t (θ 0 ) = 1, EΣ t (θ 0 ) = (r 2 /4)I when r > 0, and EΣ t (θ 0 ) = I/2 when r = 0. Then, it is not hard to see that by Lemmas A.3 and A.4, S n,r d −→ N (0, κ r I −1 ) as n → ∞.
By Taylor's expansion, Theorem 3.1, and Lemma A.4, standard arguments entail that √ n( θ n,r − θ 0 ) = S n,r + o p (1), and hence the conclusion holds. This completes the proof.
PROOF OF THEOREM 3.3. A direct calculation shows that α n,r has the following explicit expression:
α r/2 n,r = 1 n − 1 n ∑ t=2 y 2 t y 2 t−1 for r > 0 and log α n,r = 2 n − 1 n ∑ t=2 log y t y t−1 for r = 0.
From this, by Assumption 3.1, it is straightforward to see that without the compactness of Θ α , as n → ∞, For (ii), let γ n (θ) = n −1 ∑ n t=1 log(β + αη 2 t (θ)) with η t (θ) = y t /σ t (θ). By Taylor's expansion, we have γ n,r := γ n ( θ n,r ) = γ n (θ 0 ) + ∂γ n (θ * n,r ) ∂θ ′ ( θ n,r − θ 0 ),
where θ * n,r satisfies ∥θ * n,r − θ 0 ∥ ≤ ∥ θ n,r − θ 0 ∥. Using the expression
and the same argument as for Lemmas A.1-A.2, we can show that
Note that E∥Γ t (θ 0 )∥ ≤ 2(1 − ν 1 )/α 0 + 2ν 1 /β 0 < ∞, and EΓ t (θ 0 ) = 0 by the facts that Ed α t (θ 0 ) = 1/α 0 and Ed β t (θ 0 ) = ν 1 /{β 0 (1 − ν 1 )}, where ν 1 ∈ (0, 1) is defined in Theorem 3.2. By Theorem 3.1 and the strong law of large numbers for stationary and ergodic sequences, it follows that ∂γ n (θ * n,r ) ∂θ = EΓ t (θ 0 ) + o(1) = o(1) a.s.
Thus, since √ n( θ n,r − θ 0 ) = O p (1) by Theorem 3.2, we have √ n( γ n,r − γ 0 ) = √ n(γ n (θ 0 ) − γ 0 ) + ∂γ n (θ * n,r ) ∂θ ′ √ n( θ n,r − θ 0 )
by the central limit theorem. This completes the proof of (ii).
Moreover, for model (3.1), it is straightforward to see that
]
.
